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Criticality is a potential origin of the scale invariance observed in the Gutenberg-Richter law for earth-
guakes. In support of this hypothesis, the Burridge-Kno@Bf) model of an earthquake fault system is
known to exhibit a dynamic phase transition, but the critical nature of the transition is uncertain. Here it is
shown that the BK model exhibits a dynamic transition from large-scale stick-slip to small-scale creep motion
and through a finite size scaling analysis the critical nature of this transition is established. The order parameter
describing the critical transition suggests that the Olami-Feder-Christensen model may be tuned to criticality
through its assumptions describing the relaxation of the system.
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I. INTRODUCTION ther to this, the general validity of the OFC model is dis-

) o cussed in light of the results found here, particularly the
The Burridge-Knopoff(BK) model was originally pro-  cjaim that it exhibits self-organized criticality.
posed[1] as a conceptual representation of an earthquake

fault (Fig. 1). The model is a one-dimensional, so-called
slider block model, with the single dimension representing
large earthquakes that span the depth of the schizosphere andThe BK model can in nondimensional form be written in
only tend to propagate in one dimension along the fe2ilt  terms of the velocitye and shear streds For infinitely slow
The BK model is not the only model of an earthquake faultdriving, it is described by

(see, e.qg., Fisheat al.[3]), but it or its derivatives have been

central to the statistical analysis of model earthquake dynam- a=f - ¢,<E f_) (1a)

ics in recent years. Numerical studies by Carlsbal.[4—9] IR A

have demonstrated that the BK model can produce a power-

law moment (event siz¢ probability density distribution : _ _

(PDD) in general agreement with scale invariance in earth- fizk(@a+ 6 -26) ~ke, (1b)
guake behavior: the Gutenberg-Richt&R) law [10]. Klein ~ where the subscriptsrefer to theith grid point or blockk;

et al. [11,12 have also explored slider block models with andk; are nondimensional forms of the bulk and compres-
long range interactions and while identifying smaller “earth-sional spring constants, ang describes the friction on the
guake” events with fluctuations near a spinodal critical pointjth block.

larger events are associated with spinodal nucleation. Nakan- The frictional function used here follows Carlsenal.[9]

ishi [13] implemented a one-dimensional cellular automatonand is given by

of the BK model and observed the GR law. The GR law is

II. THE BURRIDGE-KNOPOFF MODEL

1-0o

also observed for another simplified cellular automaton ver- — —  ife>0,

sion of the BK model, the Olami-Feder-Christeng@¥FC) (ﬁ ) _ ) 1+el/(l-o)vg

model_. Tge OFCI model is considered by many to be a self- i v (1-0) if =0 andf;=1,
organized critical system. f if & =0 andf, < 1

Regardless of any possible self-organization, the scale-
invariant GR law is generally held to be the result of critical 2
behavior[14]. In this regard, Vieiraet al. [15] have previ-
ously reported for the BK model the existence of a critical
transition, from stick-slip motion to continuous sliding.

However, the issue of dynamic criticality in the BK model / ] — I B
has been contested and Vasconcé¢lld has argued, based o m
on a study of a single block system, that the transition is in ooy 1-1 1| FREEE 1t

fact only first order. In this paper, we demonstrate through

finite size scaling analysis that the BK model does indeed
- 4 I " ) . < ¢

exhibit a dynamic critical transition, without delocalized

events, and explain the discrepancy with earlier work. Fur-

FIG. 1. Schematic of the BK model: a linear array of blocks
coupled to nearest neighbors through springs. The blocks rest on a
frictional surface with frictionp. Each block is coupled to a rigid

*Electronic address: ian.clancy@ul.ie plate through a leaf spring, and the plate moves at a constant ve-

"Electronic address: david.corcoran@ul.ie locity ».
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FIG. 2. Moment PDDs below, near, and above the dynamic FIG. 3. Plot of ¥ with =107 for a number of different size

transition for a 100-block system, with being 0.1, 2/3, and 1. systems. A power law of exponent 1.576 and with a singularity at
v¢=1 is also shown.

The frictional dropo allows events to initiate abruptly
with an acceleration proportional to, and eliminates a When the frictional falloff is reduced to;=0.1 the PDD
strong dependence of initial acceleration on the driving ratés over a much larger scalelearly visible in Fig. 2. If the
[9]. The friction law prohibits slip in the direction opposite to transition between these two behaviors occurs at approxi-
the driving (no back slip. matelyv;=v. then large-scale stick-slip, or simply stick-slip,

The system is started from an initially heterogeneous stati defined as occuring with; <v. and small-scale stick-slip,
in which the blocks are attributed random values of smallor creep, is defined as occuring with>uv.. With lower v;
magnitude for eaclfi. Driving is manifested by the addition anexponentiabistribution is exhibited. Exponential distribu-
of stress to all blocks of an amount necessary to make thgons have been observed previously for a 300-block system
block nearest to the slipping threshold move. The systemyith v;=1/6 [18], in approximately the same dynamic re-

then relaxes until alk; are zero and this relaxation consti- gime as considered here but without the infinitely slow driv-
tutes an event. The process of incremental shear stress iimg employed in this work.

crease and relaxation is continued for® literations for a At or near the value of;=v.~2/3 a power-law moment
catalog of 16 events. probability density distribution, with a small large-scale ex-
cess is observed.

. RESULTS
B. The transition order parameter
For the experimentls,=1, k;=1, and the frictional drop of A lated to the state of th tem is th
Eg. (2), o, is set to 10*. Boundary conditions are open and measure rejated 1o the staté ot the systém IS the spa-

single block events have been omitted in the statistical anal)}-'a"y avc_—:‘raged(non_d|men_S|onaI shear stres$=(1/N)Zf;, )
sis. wheref; is the nondimensional shear stress due to the springs

attached to théh block as defined in Eq1). To describe the

state of the system it is necessary to obtain the state average
A. A dynamic transition (f), and this would be expected to attain a statistically steady
value, with fluctuations, after a sufficient number of initial
%tates have been visited by the system, the transient period.
Indeed,(f) does attain a steady state and Fig. 3 shows the

Figure 2 shows the moment PDDs for three increasin
values of the frictional falloffus. The form and scale for the

distributions changes. It is clear from these changes that . -
transition in the system dynamics is occurring. gehawor of 1<f) asvy is increased from 0.01 to 2.5 for a

Consider first the largest value of, v;=1. In this case, number of system sizes. The distinction betweer_l phases is
all events have small moments from about 20 to ap- clear: the creep phase is present whifle= 1, the stick-slip
proximately 2< 10°2. The results indicate that the nonlinear- Phase wherf) <1.
ity of the friction ¢; is never probed during these events, i.e., In order to resolve the transition region nedy=1, the
block velocities remain very small comparedup The dis-  functionW'=1—(f) has been plotted, being the difference be-
tribution of moments for a 100-block system is fitted well by tween the static frictional threshold and the state averaged
a stretched exponentiéBE) distribution. It is interesting that shear stress. This also has the advantage that the phase with
the PDDs are SE and not simply exponential. SE relaxatiom;> v is expected to have a value ®f near zero, as would
has been attributed to a random walk on a frafial] and be expected of an order parameter. The dynamic transition is
may be an indication of how the attractor for the dynamicclearly visible in the plot of¥" for different size systems in
phase is being explored. Fig. 3, and appears to be continuous as would be expected of
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FIG. 5. Critical point shift as a function of inverse system
FIG. 4. The unscaled plot oF with =10 for different size  size.
systems. The fitted curves are power laws shifted by an amount

given in Fig. 5 with respect to the true critical pointwf=1. estimate to be made of the critical expongrand the critical

shifting Av(N). Using these estimates a FSS analysis can be
a higher order transition. Note thdt tends to a finite value performed.
for vi>v.. As 0—0, however, it can be shown thdt—0 To describe the behavior of the system independent of
also. This is because event moment magnitudes would tengystem size one writd20]
to zero and so the system would not move away from the
friction stress threshold. ¥ (v,N) = [v]PU(NIE@)), 3
As pointed out earlier it is debatable as to whether the BK, 1o v=[0r=0e(N)J/ve(N), V(N)=v)=bNY", v, re-

model exhibits a first order or continuous dynamic transmon.]cers to the transition point for the infinite block system, 4nd

e I o arSHf i constant. A approte povirawform of e crfca
y Y shift is observedsee Fig. % yielding 1/»=0.78+0.05 and

ing (FSS. b=1.7+0.2. The correlation lengt#(v), diverges to infinity
as the critical point is approached as a power |&w)
C. Finite size scaling the order parameter ~|v|™, and so multiplying across biy#'”,
Figure 3 shows¥ as a function ofv; for different size NP (u,N) = (NY]u )Py (NH7o))) (4)

systems. The transition point is clearly tending towakd
=1 as the system sia¢ is increased. This transition point of Testing the scaling relation, in Fig. 6 data collapse is ob-
vs=1 was proposed by Vieirat al.[15] but later disputed by served with 1#=0.78,3=1.576, and (=) =1. The data col-
Vasconceloq16], the reason being that the relatively fast lapse is within the error associated with each point. A non-
driving employed in the former work caused this apparent
shift. Vasconcelos’s argument cannot hold here, however, be
cause in this work an infinitely slow driving mechanism is
used and the transition point remains=1. A reinforcement
of this argument is the finding that the form of friction law  10° +
used in these works becomes self-similar whenl [19].
This self-similarity means that the microscopic friction im- ’
posed on each block is recovered when averaging the stre: }10
of friction experienced by the system as a whole, a propertys
to be expected of a scaleless system. =z
If W is plotted on a log-log scale against dsor, in
general, 1v¢/v.() wherev =) is the critical point of an p
infinite system, a power-law would be expected. Figure 4 10 |
shows such a plot for various system sipgsut significant

10° : :

10°

deviation from a power law is evident. This deviation is at- -2 L .

tributed to the shifting of the critical point due to the finite 10" 10° 10! 10°
system size. Indeed, power laws of the fofin-v;/[v () N [v_(N)-vJv(N)

- Av(N)]}# were fitted to the 10-, 25-, 50-, 100-, and 500- et e

block system curves, wherdv (N)=v(*)-v(N) is the FIG. 6. The finite size scaled plot with=10"%. The functions

critical point shift. These fits, also shown in Fig. 4, allow an collapse, within error, withy(«)=1, 1/v=0.78,3=1.576.
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zero value ofo results in the event magnitudes in creepthe value ofv¢=0.5 suggested from the study of the single

behavior being nonzero, and consequeitlypeing nonzero. block system. The dependency of the transition on the num-

As ¥ tends to a finite value, during creep the function di-ber of blocks suggests that the degrees of freedom of the

verges from the power law expected of a critical systemsystem play a vital role. Moreover, it appears that only in the

whenW is of the same order of magnitude @sThis distorts  larger systems does finite size scaling apply as critical point

the function near the singularity, and explains the departurshifting obeys a power law only for large systems. This could

from power-law behavior observed in Figs. 3 and 4. indicate a transition from first order to higher order behavior
Note that these measured scaling exponents are not trivédependent on system size.

ally related to the system’s spatial dimension, as would be

expected in the scaling of a first order transiti®i]. This

nontrivial scaling is consistent with the system exhibiting B. The validity of the OFC model
higher order behavior and so it is expected that even larger |n interpreting the results of the BK model, the results of
systems will obey the same scaling. similar experimental systems should also be considered. Jo-

It can now be seen tha¥ finite size scales about=1,  hanseret al.[23] investigated an experimental system con-
and therefore criticality in the dynamic behavior of the BK sjsting of a masga work-hardened tool bitbeing driven
model is demonstrated. We now consider claims of the firsthrough a springs over a frictional surface made from steel.
order, noncritical nature of the BK system, and explore theThe general result of this study was, depending on the driv-
apparent contradiction. ing rate, normal stress, and spring constanSpthe obser-

The results thus far presented have shown that the systepation of stick-slip and creep phases in addition to power-
apparently displays a continuous transition and has a criticahw behavior as is observed in this body of work.
point in the thermodynamic limit and whesm— 0. These In addition, the results produced by Johanseral. sug-
results contrast with the conclusions reached by Vasconcelagest that increasing the normal strégwreasing the mass
from analysis of a single block systefh6] in which it was  resting on the driven platen the contact aredault) brings

determined that the transition observed for the single bloclyhout a large-scale-event phase. By rescadirmndf; of Eq.
system is first order and concluded that the same should h@) asz=e/v; and F;=f,/v;, respectively, it can be shown

true for the multiblock system. that the tuning parameter; can be recast as a parameter
controlling the magnitude of the frictional shear stress
IV. DISCUSSION =(1/v¢)¢i(z). But 7=su, wheres is the normal stress and

is the coefficient of friction. Ife is identified as the coeffi-
cient of friction u thens=1/v; becomes the effective normal

W for a single block system will not collapse onto the FSSstress. A change of the magnitudemofay be thought of as
curve of Fig. 6. The transition point of the single block sys-resulting from a change in the normal stressThusv; can
tem is atv;=0.5; thusAv(1)=0.5. This point does not fall be thought of as a parameter controlliagvith v;=s1. By
on the fitted multiblock power-law curve faxv (N) shown  decreasingy;, the normal stress increases and the system
in Fig. 5. In addition, it is expected that no systems with lessnters a large event phase in agreement with experiment. It
than four blocks could fall on the fitted curvAv (N) must be noted that there is a discrepancy between the results
=(1.7+0.9N078*0.05pecauselv(N<3) >0.5. presented here and those of Johanstesl., who observe the

Data collapse on the multiblock curve would only be ex-large-scale-event sizes to be Gaussian distributed in contrast
pected of critical systems supporting the first order nature ofo the exponential event moment PDDs observed here.
the single block system and opening the possibility of criti- A small-scale-event phase is also observed by Johaisen
cality for the multiblock system. It may then be asked whyal. when reducing the normal stress, exhibiting what was
there is such a marked difference between the single andescribed by the authors as an “approximate” exponential
multiblock systems. It is possible, in fact highly likely, that distribution of slip event sizes and similar results have been
the interactionsbetween blocks in the multiblock systems presented here, though here the distribution might be better
fundamentally affect the dynamics and allow the system talescribed as stretched exponential. These small-scale-event
undergo a continuous higher order transition as the result8DDs were found to be better fitted as being stretched expo-
presented here suggest. In fact, it is a vital ingredient ofhential distributions, i.e., they showed curvature on a log-
critical systems that interactions between elements of a givelinear scale. Indeed, it must be pointed out that in the results
model can occur otherwise critical phenomena such as longresented by Johanse al. there also appears to be some
range correlation have no meaning. As an example, theurvature in the log-linear plots of the event size PDDs for
single Ising spin system is found to have a simple exponenthis phase.
tial relaxation to an equilibrium stafe22], i.e., it does not With the existence of stick-slip and creep phases and cor-
demonstrate critical behavior. The conclusion from this mustespondence in the manner of tuning these phases, the BK
be that while the single block system may undergo a firsmodel is apparently consistent with laboratory experiments.
order transition, this is not necessarily the case for a multiThe OFC model, in contrast, does not show such realistic
block system, furthermore, the results presented here indicatghases of dynamics. What is the difference between the mod-
a higher order transition. els? As already mentioned, the OFC model is a cellular au-

Figure 6 shows that the transition for the infinite systemtomaton version of the BK model; how could it be that the
apparently occurs ai;=v.()=1, markedly different from dynamics of the two systems are so different? There are a

A. Comparing the single and multiblock systems
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number of possible answers to this that, taken together, mayon. Its kinetic energy is initially gained from the potential
explain the discrepancy. But first, it may be of benefit toenergy stored in connected springs and then lost to be stored
describe the OFC model in some more detail. again in these springs at which point it comes to rest. In
order for the energy in the system to remain finite the energy
input must be dissipated to the friction, large events allow
the friction to be experienced for long enough to dissipate
The OFC model is a two-dimensional cellular automatonthe required energy. However, for a large event, the block is
version of the BK modef24]. Each site, labeled dsj for  likely to have overshot its equilibrium stress position, the
the ith row andjth column, represents a block resting on apoint at which the net stress on the block due to the springs
frictional surface connected to its four nearest neighborss zero. Thus these large events cause the system to be, on
through springsi+1, j andi, j£1. As with the BK model, average, far from threshold and far from the equilibrium
driving is supplied to each block through a leaf spring. Eactstress position. The small event phase can be similarly ex-
site has a stress associated witff;if, The frictional surface  plained by noting that the dynamic friction remains quite
prevents a block from slipping if the stress is less than somérge and so only small events are required to dissipate the
threshold stres€,. The model's dynamics occur in two €nergy. The system then creeps by remaining close to thresh-
stages; buildup, where the stress on all blocks is increase®ld throughout the system. The system is again far from the

simultaneously; and relaxation where the stress on a block 2quilibrium stress position. ,
at or above the stress threshold and is redistributed to the |"€ OFC model, however, takes a very different approach

connecting springs and thus nearest neighbors. The builddﬁhen dealing with the friction. Fricti_on only really appears

stage is actually the same for the OFC and BK models; stred8 theé OFC model as the mechanism to prevent slip: the
is incremented linearly in time for all elements of the sys-Stress threshold. The dynamics of events are ignored in the
tems until at least one element attains the threshold. Th@FC model and so the friction does not come into the equa-

difference between the models is in the relaxation stage. U0ns. However, it must be present during events, at least
The BK model solves the equations of motion by app|y_conceptually, as the energy input into the system must be

ing an appropriate frictional shear stress during the relaxP@lanced by the energy dissipation on average. The only con-

ation stage whereas the OFC model sets the shear stress ofgPtual energy dissipation in the OFC model is the friction.
relaxing site to zerof, ;— 0. This represents the idea that a But the OFC relaxation rule indicates that friction dissipates
i, . . . . .
slipping block will come to rest in the position where the net€N€rgy in such a way that a relaxing site always ends its
shear stress on the block is zero, the stress equilibrium. THEOveMentin the equilibrium stress position. Of course, from
stress is then reallocated to the four nearest neighbor sité&@mination of the phases observed in the BK model above,
such thatfy;—fu, +af. and f,iq—f u+af,. The such a relaxation rule disallows these phases from the OFC
numbera is Ic_ie’]pentli_ef#t on the sizes of thelébring constants ginodel. The relaxation rule also indicates that the friction is
the compressional spring,, and leaf springk,, and deter- tungq in that it gives rise to the relaxing site going to the
mines the level of conservation of the stress, being fu||yeqU|I|br|um stress position, between the behavior expected of
conservative witha=0.25 and completely dissipative with Stick-slip and creep phases of the BK model that are ex-
a=0. Afully conservative system is not realistic as, from thePectéd to come to rest far from the equilibrium stress posi-

definition of a, this implies that the leaf spring constant is 1On- .
zero, k=0, and there can be no driving through the leaf 1he dynamics of the OFC model may be an accurate rep-

spring. In the case wherke,=k and a=0.2 the system is resentation of the BK model, but only when the relaxation
nonconservative. ‘ rule is valid, i.e., for parameter values of the friction when a

Results of the OFC model show robust power-law behavplock in the BK model is expected to become stuck at its

ior in the event size PDID24]. The power-law exponent of equilibrium stress position. This is clearly not the case in
the event size PDD also increases with increasindpeing either of the BK model’s stick-slip and creep phases, which

approximately 2 fore=0.2. Hergarten and Neugebalgh] overshoot and undershoot the equilibrium stress position, re-

also observed a power-law decay in excess activity abougPectively. It may be an interesting modification to the OFC

large events in qualitative agreement with Omori's laws form0del to change the relaxation rule, possibly allowing these
aftershocks and foreshocks. phases to emerge. Could the OFC model, claimed to be a

self-organized critical system, in fact be tuned to criticality
by an implicit assumption on friction?

In the parameter regime of the BK model between stick-

The primary difference between the BK and OFC modelsslip and creep phases where power laws are observed, the
is the friction and how it is modeled. It is the parameterOFC model relaxation rule may be expected to be valid. In
space associated with the friction that has resulted in théhis phase, Olameét al. found that it is wherk.~k;, a con-
wide range of dynamics observed in the BK model. Thedition used here, that behavior similar to realistic earthquake
parameters of the friction are associated with properties resehavior is observefl24], i.e., the power-law exponent of
lating to the friction such as the normal stress and rate ofhe event size PDD is approximately@mulative probabil-
velocity weakening, properties that can control the phase oty distribution power-law exponent of)1the same as em-
the dynamics. pirical observations of earthquake behavior. Given that the

A block experiencing friction corresponding to the large OFC model is a quasistatic equivalent of the BK model, the
event phase, upon slipping, loses minimal energy to the frickesults must correspond when the assumptions of the OFC

1. Comparing the BK and OFC models

2. The role of friction
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model are valid. This does seem to be the case here, but on$yate for a given; of (f) that leads to an order parameter in

under appropriate conditions. the system. The presence of scaleless fluctuatiposver-
law moment PDDthrough a finite size scaling analysis dem-
V. CONCLUSIONS onstrate that the system exhibits a critical transition. Further-

. . . more, the Olami-Feder-Christensen model contains an
In conclusion the Burridge-Knopoff model has been in-jmjicit assumption on friction that is here suspected to cor-

: o ey, . "
vestigated withk;=k=1 ando=10"". A dynamic transition  aqn0nq to the critical point of the Burridge-Knopoff model.
has been observed to occur with variation of the tuning pa-

rameterv;. Near the transition, the moment probability den-

Sity Q|§trlbutlon follpws a power law and away from the ACKNOWLEDGMENT

transition exponential and stretched exponential PDDs are

observed. The average spatiotemporal shear stress due toWe gratefully acknowledge Enterprise Ireland for funding
neighboring blocks and the driving is seen to attain a steadthis research.
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