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Criticality is a potential origin of the scale invariance observed in the Gutenberg-Richter law for earth-
quakes. In support of this hypothesis, the Burridge-KnopoffsBKd model of an earthquake fault system is
known to exhibit a dynamic phase transition, but the critical nature of the transition is uncertain. Here it is
shown that the BK model exhibits a dynamic transition from large-scale stick-slip to small-scale creep motion
and through a finite size scaling analysis the critical nature of this transition is established. The order parameter
describing the critical transition suggests that the Olami-Feder-Christensen model may be tuned to criticality
through its assumptions describing the relaxation of the system.
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I. INTRODUCTION

The Burridge-KnopoffsBKd model was originally pro-
posedf1g as a conceptual representation of an earthquake
fault sFig. 1d. The model is a one-dimensional, so-called
slider block model, with the single dimension representing
large earthquakes that span the depth of the schizosphere and
only tend to propagate in one dimension along the faultf2g.
The BK model is not the only model of an earthquake fault
ssee, e.g., Fisheret al. f3gd, but it or its derivatives have been
central to the statistical analysis of model earthquake dynam-
ics in recent years. Numerical studies by Carlsonet al. f4–9g
have demonstrated that the BK model can produce a power-
law moment sevent sized probability density distribution
sPDDd in general agreement with scale invariance in earth-
quake behavior: the Gutenberg-RichtersGRd law f10g. Klein
et al. f11,12g have also explored slider block models with
long range interactions and while identifying smaller “earth-
quake” events with fluctuations near a spinodal critical point,
larger events are associated with spinodal nucleation. Nakan-
ishi f13g implemented a one-dimensional cellular automaton
of the BK model and observed the GR law. The GR law is
also observed for another simplified cellular automaton ver-
sion of the BK model, the Olami-Feder-ChristensensOFCd
model. The OFC model is considered by many to be a self-
organized critical system.

Regardless of any possible self-organization, the scale-
invariant GR law is generally held to be the result of critical
behaviorf14g. In this regard, Vieiraet al. f15g have previ-
ously reported for the BK model the existence of a critical
transition, from stick-slip motion to continuous sliding.
However, the issue of dynamic criticality in the BK model
has been contested and Vasconcelosf16g has argued, based
on a study of a single block system, that the transition is in
fact only first order. In this paper, we demonstrate through
finite size scaling analysis that the BK model does indeed
exhibit a dynamic critical transition, without delocalized
events, and explain the discrepancy with earlier work. Fur-

ther to this, the general validity of the OFC model is dis-
cussed in light of the results found here, particularly the
claim that it exhibits self-organized criticality.

II. THE BURRIDGE-KNOPOFF MODEL

The BK model can in nondimensional form be written in
terms of the velocitye and shear stressf. For infinitely slow
driving, it is described by

ėi = f i − wiS ei

v f
, f iD , s1ad

ḟ i = kcsei+1 + ei−1 − 2eid − ktei , s1bd

where the subscriptsi refer to theith grid point or block,kc
and kt are nondimensional forms of the bulk and compres-
sional spring constants, andwi describes the friction on the
ith block.

The frictional function used here follows Carlsonet al. f9g
and is given by

wiS ei

v f
, f iD =5

1 − s

1 + ei/s1 − sdv f
if ei . 0,

s1 − sd if ei = 0 andf i ù 1,

f i if ei = 0 andf i , 1
6 .

s2d
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FIG. 1. Schematic of the BK model: a linear array of blocks
coupled to nearest neighbors through springs. The blocks rest on a
frictional surface with frictionw. Each block is coupled to a rigid
plate through a leaf spring, and the plate moves at a constant ve-
locity n.
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The frictional drops allows events to initiate abruptly
with an acceleration proportional tos, and eliminates a
strong dependence of initial acceleration on the driving rate
f9g. The friction law prohibits slip in the direction opposite to
the driving sno back slipd.

The system is started from an initially heterogeneous state
in which the blocks are attributed random values of small
magnitude for eachf i. Driving is manifested by the addition
of stress to all blocks of an amount necessary to make the
block nearest to the slipping threshold move. The system
then relaxes until allei are zero and this relaxation consti-
tutes an event. The process of incremental shear stress in-
crease and relaxation is continued for 106 iterations for a
catalog of 106 events.

III. RESULTS

For the experimentskc=1, kt=1, and the frictional drop of
Eq. s2d, s, is set to 10−4. Boundary conditions are open and
single block events have been omitted in the statistical analy-
sis.

A. A dynamic transition

Figure 2 shows the moment PDDs for three increasing
values of the frictional falloffv f. The form and scale for the
distributions changes. It is clear from these changes that a
transition in the system dynamics is occurring.

Consider first the largest value ofv f, v f =1. In this case,
all events have small moments from about 2310−4 to ap-
proximately 2310−2. The results indicate that the nonlinear-
ity of the friction wi is never probed during these events, i.e.,
block velocities remain very small compared tov f. The dis-
tribution of moments for a 100-block system is fitted well by
a stretched exponentialsSEd distribution. It is interesting that
the PDDs are SE and not simply exponential. SE relaxation
has been attributed to a random walk on a fractalf17g and
may be an indication of how the attractor for the dynamic
phase is being explored.

When the frictional falloff is reduced tov f =0.1 the PDD
is over a much larger scalesclearly visible in Fig. 2d. If the
transition between these two behaviors occurs at approxi-
matelyv f =vc then large-scale stick-slip, or simply stick-slip,
is defined as occuring withv f ,vc and small-scale stick-slip,
or creep, is defined as occuring withv f .vc. With lower v f
anexponentialdistribution is exhibited. Exponential distribu-
tions have been observed previously for a 300-block system
with v f =1/6 f18g, in approximately the same dynamic re-
gime as considered here but without the infinitely slow driv-
ing employed in this work.

At or near the value ofv f =vc<2/3 a power-law moment
probability density distribution, with a small large-scale ex-
cess is observed.

B. The transition order parameter

A measure related to the state of the system is the spa-
tially averagedsnondimensionald shear stressf =s1/Ndoi f i,
wheref i is the nondimensional shear stress due to the springs
attached to theith block as defined in Eq.s1d. To describe the
state of the system it is necessary to obtain the state average
kfl, and this would be expected to attain a statistically steady
value, with fluctuations, after a sufficient number of initial
states have been visited by the system, the transient period.
Indeed,kfl does attain a steady state and Fig. 3 shows the
behavior of 1−kfl as v f is increased from 0.01 to 2.5 for a
number of system sizes. The distinction between phases is
clear: the creep phase is present whilekfl<1, the stick-slip
phase whenkfl,1.

In order to resolve the transition region nearkfl=1, the
functionC=1−kfl has been plotted, being the difference be-
tween the static frictional threshold and the state averaged
shear stress. This also has the advantage that the phase with
v f .vc is expected to have a value ofC near zero, as would
be expected of an order parameter. The dynamic transition is
clearly visible in the plot ofC for different size systems in
Fig. 3, and appears to be continuous as would be expected of

FIG. 2. Moment PDDs below, near, and above the dynamic
transition for a 100-block system, withv f being 0.1, 2/3, and 1.

FIG. 3. Plot ofC with s=10−4 for a number of different size
systems. A power law of exponent 1.576 and with a singularity at
v f =1 is also shown.
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a higher order transition. Note thatC tends to a finite value
for v f .vc. As s→0, however, it can be shown thatC→0
also. This is because event moment magnitudes would tend
to zero and so the system would not move away from the
friction stress threshold.

As pointed out earlier it is debatable as to whether the BK
model exhibits a first order or continuous dynamic transition.
A key method in establishing the criticality of a transition
when only a finite size system is available is finite size scal-
ing sFSSd.

C. Finite size scaling the order parameter

Figure 3 showsC as a function ofv f for different size
systems. The transition point is clearly tending towardv f
=1 as the system sizeN is increased. This transition point of
v f =1 was proposed by Vieiraet al. f15g but later disputed by
Vasconcelosf16g, the reason being that the relatively fast
driving employed in the former work caused this apparent
shift. Vasconcelos’s argument cannot hold here, however, be-
cause in this work an infinitely slow driving mechanism is
used and the transition point remainsv f =1. A reinforcement
of this argument is the finding that the form of friction law
used in these works becomes self-similar whenv f =1 f19g.
This self-similarity means that the microscopic friction im-
posed on each block is recovered when averaging the stress
of friction experienced by the system as a whole, a property
to be expected of a scaleless system.

If C is plotted on a log-log scale against 1−v f for, in
general, 1−v f /vcs`d wherevcs`d is the critical point of an
infinite systemg, a power-law would be expected. Figure 4
shows such a plot for various system sizesN, but significant
deviation from a power law is evident. This deviation is at-
tributed to the shifting of the critical point due to the finite
system size. Indeed, power laws of the formh1−v f / fvcs`d
−DvcsNdgjb were fitted to the 10-, 25-, 50-, 100-, and 500-
block system curves, whereDvcsNd=vcs`d−vcsNd is the
critical point shift. These fits, also shown in Fig. 4, allow an

estimate to be made of the critical exponentb and the critical
shifting DvcsNd. Using these estimates a FSS analysis can be
performed.

To describe the behavior of the system independent of
system size one writesf20g

Csv,Nd = uvubc„N/jsvd…, s3d

where v=fv f −vcsNdg /vcsNd, vcsNd=vcs`d−bN−1/n, vcs`d re-
fers to the transition point for the infinite block system, andb
is a constant. An approximate power-law form of the critical
shift is observedssee Fig. 5d yielding 1/n=0.78±0.05 and
b=1.7±0.2. The correlation lengthjsvd, diverges to infinity
as the critical point is approached as a power lawjsvd
,uvu−n, and so multiplying across byNb/n,

Nb/nCsv,Nd = sN1/nuvudbc„sN1/nuvudn
…. s4d

Testing the scaling relation, in Fig. 6 data collapse is ob-
served with 1/n=0.78,b=1.576, andvcs`d=1. The data col-
lapse is within the error associated with each point. A non-

FIG. 4. The unscaled plot ofC with s=10−4 for different size
systems. The fitted curves are power laws shifted by an amount
given in Fig. 5 with respect to the true critical point ofv f =1.

FIG. 5. Critical point shift as a function of inverse system
size.

FIG. 6. The finite size scaled plot withs=10−4. The functions
collapse, within error, withvcs`d=1, 1/n=0.78,b=1.576.
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zero value ofs results in the event magnitudes in creep
behavior being nonzero, and consequentlyC being nonzero.
As C tends to a finite value, during creep the function di-
verges from the power law expected of a critical system
whenC is of the same order of magnitude ass. This distorts
the function near the singularity, and explains the departure
from power-law behavior observed in Figs. 3 and 4.

Note that these measured scaling exponents are not trivi-
ally related to the system’s spatial dimension, as would be
expected in the scaling of a first order transitionf21g. This
nontrivial scaling is consistent with the system exhibiting
higher order behavior and so it is expected that even larger
systems will obey the same scaling.

It can now be seen thatC finite size scales aboutv f =1,
and therefore criticality in the dynamic behavior of the BK
model is demonstrated. We now consider claims of the first
order, noncritical nature of the BK system, and explore the
apparent contradiction.

The results thus far presented have shown that the system
apparently displays a continuous transition and has a critical
point in the thermodynamic limit and whens→0. These
results contrast with the conclusions reached by Vasconcelos
from analysis of a single block systemf16g in which it was
determined that the transition observed for the single block
system is first order and concluded that the same should be
true for the multiblock system.

IV. DISCUSSION

A. Comparing the single and multiblock systems

C for a single block system will not collapse onto the FSS
curve of Fig. 6. The transition point of the single block sys-
tem is atv f =0.5; thusDvcs1d=0.5. This point does not fall
on the fitted multiblock power-law curve forDvcsNd shown
in Fig. 5. In addition, it is expected that no systems with less
than four blocks could fall on the fitted curveDvcsNd
=s1.7±0.2dN−0.78±0.05becauseDvcsNø3d.0.5.

Data collapse on the multiblock curve would only be ex-
pected of critical systems supporting the first order nature of
the single block system and opening the possibility of criti-
cality for the multiblock system. It may then be asked why
there is such a marked difference between the single and
multiblock systems. It is possible, in fact highly likely, that
the interactionsbetween blocks in the multiblock systems
fundamentally affect the dynamics and allow the system to
undergo a continuous higher order transition as the results
presented here suggest. In fact, it is a vital ingredient of
critical systems that interactions between elements of a given
model can occur otherwise critical phenomena such as long
range correlation have no meaning. As an example, the
single Ising spin system is found to have a simple exponen-
tial relaxation to an equilibrium statef22g, i.e., it does not
demonstrate critical behavior. The conclusion from this must
be that while the single block system may undergo a first
order transition, this is not necessarily the case for a multi-
block system, furthermore, the results presented here indicate
a higher order transition.

Figure 6 shows that the transition for the infinite system
apparently occurs atv f =vcs`d=1, markedly different from

the value ofv f =0.5 suggested from the study of the single
block system. The dependency of the transition on the num-
ber of blocks suggests that the degrees of freedom of the
system play a vital role. Moreover, it appears that only in the
larger systems does finite size scaling apply as critical point
shifting obeys a power law only for large systems. This could
indicate a transition from first order to higher order behavior
dependent on system size.

B. The validity of the OFC model

In interpreting the results of the BK model, the results of
similar experimental systems should also be considered. Jo-
hansenet al. f23g investigated an experimental system con-
sisting of a masssa work-hardened tool bitd being driven
through a springS over a frictional surface made from steel.
The general result of this study was, depending on the driv-
ing rate, normal stress, and spring constant ofS, the obser-
vation of stick-slip and creep phases in addition to power-
law behavior as is observed in this body of work.

In addition, the results produced by Johansenet al. sug-
gest that increasing the normal stresssincreasing the mass
resting on the driven plated on the contact areasfaultd brings
about a large-scale-event phase. By rescalingei and f i of Eq.
s1d as zi =ei /v f and Fi = f i /v f, respectively, it can be shown
that the tuning parameterv f can be recast as a parameter
controlling the magnitude of the frictional shear stresst
=s1/v fdwiszid. But t=§m, where§ is the normal stress andm
is the coefficient of friction. Ifw is identified as the coeffi-
cient of frictionm then§=1/v f becomes the effective normal
stress. A change of the magnitude oft may be thought of as
resulting from a change in the normal stress§. Thusv f can
be thought of as a parameter controlling§ with v f ~§−1. By
decreasingv f, the normal stress increases and the system
enters a large event phase in agreement with experiment. It
must be noted that there is a discrepancy between the results
presented here and those of Johansenet al., who observe the
large-scale-event sizes to be Gaussian distributed in contrast
to the exponential event moment PDDs observed here.

A small-scale-event phase is also observed by Johansenet
al. when reducing the normal stress, exhibiting what was
described by the authors as an “approximate” exponential
distribution of slip event sizes and similar results have been
presented here, though here the distribution might be better
described as stretched exponential. These small-scale-event
PDDs were found to be better fitted as being stretched expo-
nential distributions, i.e., they showed curvature on a log-
linear scale. Indeed, it must be pointed out that in the results
presented by Johansenet al. there also appears to be some
curvature in the log-linear plots of the event size PDDs for
this phase.

With the existence of stick-slip and creep phases and cor-
respondence in the manner of tuning these phases, the BK
model is apparently consistent with laboratory experiments.
The OFC model, in contrast, does not show such realistic
phases of dynamics. What is the difference between the mod-
els? As already mentioned, the OFC model is a cellular au-
tomaton version of the BK model; how could it be that the
dynamics of the two systems are so different? There are a
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number of possible answers to this that, taken together, may
explain the discrepancy. But first, it may be of benefit to
describe the OFC model in some more detail.

1. Comparing the BK and OFC models

The OFC model is a two-dimensional cellular automaton
version of the BK modelf24g. Each site, labeled asi, j for
the ith row and j th column, represents a block resting on a
frictional surface connected to its four nearest neighbors
through springs,i ±1, j and i, j ±1. As with the BK model,
driving is supplied to each block through a leaf spring. Each
site has a stress associated with it,f i,j. The frictional surface
prevents a block from slipping if the stress is less than some
threshold stressf th. The model’s dynamics occur in two
stages; buildup, where the stress on all blocks is increased
simultaneously; and relaxation where the stress on a block is
at or above the stress threshold and is redistributed to the
connecting springs and thus nearest neighbors. The buildup
stage is actually the same for the OFC and BK models; stress
is incremented linearly in time for all elements of the sys-
tems until at least one element attains the threshold. The
difference between the models is in the relaxation stage.

The BK model solves the equations of motion by apply-
ing an appropriate frictional shear stress during the relax-
ation stage whereas the OFC model sets the shear stress of a
relaxing site to zero,f i,j →0. This represents the idea that a
slipping block will come to rest in the position where the net
shear stress on the block is zero, the stress equilibrium. The
stress is then reallocated to the four nearest neighbor sites
such that f i±1,j → f i±1,j +af i,j and f i,j±1→ f i,j±1+af i,j. The
numbera is dependent on the sizes of the spring constants of
the compressional spring,kc, and leaf spring,kt, and deter-
mines the level of conservation of the stress, being fully
conservative witha=0.25 and completely dissipative with
a=0. A fully conservative system is not realistic as, from the
definition of a, this implies that the leaf spring constant is
zero, kt=0, and there can be no driving through the leaf
spring. In the case wherekc=kt and a=0.2 the system is
nonconservative.

Results of the OFC model show robust power-law behav-
ior in the event size PDDf24g. The power-law exponent of
the event size PDD also increases with increasinga, being
approximately 2 fora=0.2. Hergarten and Neugebauerf25g
also observed a power-law decay in excess activity about
large events in qualitative agreement with Omori’s laws for
aftershocks and foreshocks.

2. The role of friction

The primary difference between the BK and OFC models
is the friction and how it is modeled. It is the parameter
space associated with the friction that has resulted in the
wide range of dynamics observed in the BK model. The
parameters of the friction are associated with properties re-
lating to the friction such as the normal stress and rate of
velocity weakening, properties that can control the phase of
the dynamics.

A block experiencing friction corresponding to the large
event phase, upon slipping, loses minimal energy to the fric-

tion. Its kinetic energy is initially gained from the potential
energy stored in connected springs and then lost to be stored
again in these springs at which point it comes to rest. In
order for the energy in the system to remain finite the energy
input must be dissipated to the friction, large events allow
the friction to be experienced for long enough to dissipate
the required energy. However, for a large event, the block is
likely to have overshot its equilibrium stress position, the
point at which the net stress on the block due to the springs
is zero. Thus these large events cause the system to be, on
average, far from threshold and far from the equilibrium
stress position. The small event phase can be similarly ex-
plained by noting that the dynamic friction remains quite
large and so only small events are required to dissipate the
energy. The system then creeps by remaining close to thresh-
old throughout the system. The system is again far from the
equilibrium stress position.

The OFC model, however, takes a very different approach
when dealing with the friction. Friction only really appears
in the OFC model as the mechanism to prevent slip: the
stress threshold. The dynamics of events are ignored in the
OFC model and so the friction does not come into the equa-
tions. However, it must be present during events, at least
conceptually, as the energy input into the system must be
balanced by the energy dissipation on average. The only con-
ceptual energy dissipation in the OFC model is the friction.
But the OFC relaxation rule indicates that friction dissipates
energy in such a way that a relaxing site always ends its
movement in the equilibrium stress position. Of course, from
examination of the phases observed in the BK model above,
such a relaxation rule disallows these phases from the OFC
model. The relaxation rule also indicates that the friction is
tuned in that it gives rise to the relaxing site going to the
equilibrium stress position, between the behavior expected of
stick-slip and creep phases of the BK model that are ex-
pected to come to rest far from the equilibrium stress posi-
tion.

The dynamics of the OFC model may be an accurate rep-
resentation of the BK model, but only when the relaxation
rule is valid, i.e., for parameter values of the friction when a
block in the BK model is expected to become stuck at its
equilibrium stress position. This is clearly not the case in
either of the BK model’s stick-slip and creep phases, which
overshoot and undershoot the equilibrium stress position, re-
spectively. It may be an interesting modification to the OFC
model to change the relaxation rule, possibly allowing these
phases to emerge. Could the OFC model, claimed to be a
self-organized critical system, in fact be tuned to criticality
by an implicit assumption on friction?

In the parameter regime of the BK model between stick-
slip and creep phases where power laws are observed, the
OFC model relaxation rule may be expected to be valid. In
this phase, Olamiet al. found that it is whenkc<kt, a con-
dition used here, that behavior similar to realistic earthquake
behavior is observedf24g, i.e., the power-law exponent of
the event size PDD is approximately 2scumulative probabil-
ity distribution power-law exponent of 1d; the same as em-
pirical observations of earthquake behavior. Given that the
OFC model is a quasistatic equivalent of the BK model, the
results must correspond when the assumptions of the OFC
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model are valid. This does seem to be the case here, but only
under appropriate conditions.

V. CONCLUSIONS

In conclusion the Burridge-Knopoff model has been in-
vestigated withkc=kt=1 ands=10−4. A dynamic transition
has been observed to occur with variation of the tuning pa-
rameterv f. Near the transition, the moment probability den-
sity distribution follows a power law and away from the
transition exponential and stretched exponential PDDs are
observed. The average spatiotemporal shear stress due to
neighboring blocks and the driving is seen to attain a steady

state for a givenv f of kfl that leads to an order parameter in
the system. The presence of scaleless fluctuationsspower-
law moment PDDd through a finite size scaling analysis dem-
onstrate that the system exhibits a critical transition. Further-
more, the Olami-Feder-Christensen model contains an
implicit assumption on friction that is here suspected to cor-
respond to the critical point of the Burridge-Knopoff model.
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